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The current series of two papers is concerned with traveling wave solutions of
time almost periodic nonlinear evolution equations. In the first of the series, we
introduced the definition of almost periodic traveling wave solutions and estab-
lished the stability and uniqueness of such solutions for time almost periodic
bistable equations in one space dimension. In the second of the series, we prove
the existence of such solutions for time almost periodic bistable equations with
continuous space variables. We also consider the existence of traveling wave solutions
and occurrence of propagation failure and spatial chaos in bistable equations with
discrete space variables.  1999 Academic Press
1. INTRODUCTION
This is the second of the series. In the first [53], we studied the stability
and uniqueness of almost periodic traveling wave solutions of the bistable
equation
ut(x, t)=Duxx (x, t)+f (u(x, t), t), (1.1)
where D>0 is a constant, and f is almost periodic in t unformly with
respect to u in bounded sets (see Definition 2.1 in [53]), and is bistable,
in the sense that the scalar equation
ut= f (u, t)
has exactly three almost periodic solutions u=u f\(t) and u=u
f
0(t) satisfying
that
u f&(t)<u
f
0(t)<u
f
+(t),
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and u=u f&(t) and u=u
f
+(t) are stable, and u=u
f
0(t) is unstable (see Sub-
section 2.2 for details). It is proved in [53] that (1.1) has at most one
almost periodic traveling wave solution connecting the two almost periodic
solutions u=u f\(t), and if there is one, it is strictly monotone, and is
uniformly and asymptotically stable (see Theorems 4.1, 4.2, 5.1, and 5.2 in
[53]). Recall that a solution u(x, t) of (1.1) is an almost periodic traveling
wave solution if it is of form u(x, t)=U(x+c(t), t), where the wave profile
U(x, t) is almost periodic in t uniformly with respect to x in bounded sets,
and the wave speed c$(t) is almost periodic in t (see Definition 2.2 in [53]).
It is also called an almost periodic standing wave solution if c(t) is bounded
for t # R. It connects the two almost periodic solutions u=u f\(t) if U(\, t)#
limx  \ U(x, t)=u f\(t) uniformly with respect to t # R (see Definition 4.1
in [53]).
We also studied the stability and uniqueness of almost periodic traveling
wave solutions to the nonlocal bistable equation
ut(x, t)=Duxx (x, t)+d2_, & u(x, t)+ f (u(x, t), t), (1.2)
and to the spatially discrete bistable equation
ut(x, t)=d2_, & u(x, t)+ f (u(x, t), t), (1.3)
where D, d>0, _2+&2=1,
2_, & u(x, t)=u(x&_, t)+u(x+_, t)+u(x&&, t)+u(x+&, t)&4u(x, t)
(1.4)
and f is as in (1.1). It is proved that same results as for (1.1) hold for (1.2)
(see Theorems 6.36.5 in [53]), and that if (1.3) has a smooth and strictly
monotone almost periodic traveling wave solution connecting u=u f\(t)
and (_, &) is rational (that is, _& or &_ is rational), then it is uniformly
and asymptotically stable, and is also unique (see Theorems 7.4 and 7.5 in
[53]). However, (1.3) may have more than one stable as well as unstable
non-smooth or non-monotone almost periodic traveling wave solutions
connecting u=u f\(t) (see Example 7.1 in [53] and also Theorem 7.2 below).
Note that u(x, t)=u f\(t) are stable and u(x, t)=u
f
0(t) is unstable almost
periodic solutions to all the equations above (that is, Eqs. (1.1)(1.3), see
[53]). Equation (1.3) is called spatially discrete because its solutions need
only be defined for x # Z_, & , where
Z_, &=[i_+ j& : i, j # Z] (1.5)
(see [53]).
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In the current part of the series, we investigate the existence of almost
periodic traveling wave solutions connecting u=u f\(t) to Eqs. (1.1)(1.3).
Concerning Eq. (1.1), we have
Theorem A (Existence of Traveling Waves). There is an almost periodic
traveling wave solution u(x, t)=U(x+c(t), t) of (1.1) which connects the
two stable almost periodic solutions u=u f\(t). Moreover,
M(c$( } )), M(U(x, } ))/M( f )
for each x # R, where M( } ) denotes the frequency module of an almost periodic
function (see Definition 2.1 in [53]).
As is seen in [53], the uniqueness of almost periodic traveling wave
solutions to (1.1) is proved by means of their stability. The stability of such
solutions is proved through the following squeezing property: if u=u*(x, t)
is an almost periodic traveling wave solution of (1.1) connecting u f\(t) and
u*(x+!, T )&$u(x, T ; u0 , {)u*(x+!+h, T )+$
for some 0<$<<1, ! # R, h0, T{, and any x # R, where u(x, t; u0 , {)
is the solution of (1.1) with u(x, {; u0 , {)=u0(x), then there are !(t), h(t),
and $(t) such that
u*(x+!(t), t)&$(t)u(x, t; u0 , {)u*(x+!(t)+h(t), t)+$(t)
for x # R and tT, and !(t)  !(), h(t)  0, $(t)  0 exponentially as
t  . In proving the stability, the key property utilized is the comparison
principle for (sub-, super-) solutions of (1.1).
Our basic point of view about the existence of almost periodic traveling
wave solutions to (1.1) is that they are the limits of certain wave-like solutions.
Therefore, to prove the existence result above, we first show the existence
of wave-like solutions and then show the convergence of the wave like solu-
tions to almost periodic traveling wave solutions. In doing so, besides the
comparison principle for (sub-, super-) solutions of (1.1), we also employ
the theory for compact flows [23, 50, 60]. Roughly speaking, first, by
repeatedly applying the comparison principle for (sub-, super-) solutions of
(1.1), we show that the solution u(x, t)=u(x, t; u0) of (1.1) with u(x, 0)=
u0(x)=u f&(0)(1&‘(x))+u
f
+(0) ‘(x) does not become ‘‘flat’’ as t increases
and hence is a wave-like solution (see Definition 2.2) (Theorem 3.1), where
‘(x)=12(1+tanh x2). Second, we construct a compact dynamical system
on the limit set of the profile of a wave-like solution of (1.1) and then by
applying the theory for compact flows, we show that the compact dynamical
system is almost periodic minimal (Theorem 4.1). It then follows that there
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is an almost periodic traveling wave solution to (1.1) as well as to each
other equation in the hull of (1.1) (Theorem 4.3).
The above approach is motivated by the ideas developed in [5, 17, 25,
26] for traveling waves of bistable nonlinear equations and in [51, 5458]
for time almost periodic dynamics. The following comparison proposition
for (sub-, super-) solutions of (1.1) and distality proposition for compact
flows are two key properties employed in the approach.
Comparison Proposition. There is a function %(J, t) (0<%(J, t)1)
with %(J, t) being nonincreasing in J such that if u1(x, t), u2(x, t) are two
bounded super- and sub-solutions of (1.1) on an interval I respectively with
u1(x, {)u2(x, {) for x # R and some { # I, then
u1(x, t)&u2(x, t)%(J, t&{) |
z+1
z
(u1( y, {)&u2( y, {)) dy
for x # R with |x&z|J and t # I with t>{ (Lemma 2.4).
Distality Proposition. If (X, R) is a negatively distal flow, where X is
a compact metric space, then it is a distal flow (Lemma 2.1).
Similar to the stability and uniqueness Theorem A in [53], Theorem A
above holds for more general bistable evolution equations satisfying the the
above comparison proposition, which is same as that stated in the intro-
duction of [53]. In particular, it holds for the nonlocal bistable equation
(1.2). Namely, we have
Theorem B (Existence of Traveling Waves). For any D>0, d>0, and
any unit vector (_, &) , Eq. (1.2) has an almost periodic traveling wave solution
u(x, t)=U(x+c(t), t) connecting the two stable almost periodic solutions
u(x, t)=u f\(t). Moreover, M(U(x, } )), M(c$( } ))/M( f ) for any x # R
(Theorem 5.1).
As is known, the above comparison proposition does not hold for
Eq. (1.3), and complex dynamics such as propagation failure and spatial
chaos may occur in (1.3) [16, 19, 39, 52]. We therefore should not expect
same results for (1.1) hold for (1.3). Nevertheless, concerning the existence
of traveling wave solutions of (1.3) when f is independent of t, we have
Theorem C (Existence of Traveling Waves). If f is independent of t,
then for any unit vector (_, &) , (1.3) has a traveling wave solution u(x, t)=
U(x+ct) satisfying that U(\)=u f\(0), and that U(x) is nondecreasing in
x (Theorem 6.1).
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Theorem C is proved through the limit of traveling wave solutions of
(1.2) as D  0. When f is almost periodic or periodic in t, whether similar
result as in Theorem C holds remains open. The existence of traveling wave
solutions of (1.3) in the case that f is independent of t and (_, &)=(1, 0)
or (0, 1) is studied in [32, 71]. In [39], among others, a similar result to
Theorem C is proved by a homotopy method.
By Proposition 7.6 in [53], if c{0 in Theorem C, then the traveling
wave solution u(x, t)=U(x+ct) is smooth and strictly monotone. How-
ever, in general, c may be zero, and u(x, t)=U(x+ct) is then indeed a
standing wave solution. Such phenomenon corresponds to the so called
propagation failure, which has its own interest and has been widely studied
for a variety of equations (see [2, 3, 9, 10, 15, 16, 19, 34, 36, 38, 39, 52],
etc.). The so called spatial chaos corresponds to the existence of infinitely
many standing wave solutions which are randomly situated along spatial
coordinates (see [2, 3, 15, 19, 38, 52], etc.). It is proved in [19] that when
f is independent of t and 0<d<<1, propagation failure occurs and spatial
chaos exists in (1.3). We show in this paper that similar result holds when
f is almost periodic in t.
Theorem D (Propagation FailureSpatial Chaos). There is d0>0
such that for any 0<dd0 , (1.3) has infinitely many stable standing wave
solutions which are randomly situated along spatial coordinates x # Z_, & and
are almost periodic in time t (Theorem 7.2).
As mentioned in [53], Eqs. (1.1) and (1.3) are closely related to
traveling wave solutions of time almost periodic bistable equations with
higher dimensional continuous space variable and discrete one, respectively.
For example, let u( y, z, t)=U(_y+&z, t) (_2+&2=1) be a solution of the
space continuous bistable equation in two dimensions,
ut( y, z, t)=D(uyy( y, z, t)+uzz( y, z, t))+f (u( y, z, t), t) (1.6)
( y, z # R). Then u(x, t)=U(x, t) is a solution of (1.1). This implies that
traveling wave solutions of (1.1) are ones of (1.6) propagating in the direction
of n=(_, &). Note that (1.1) is independent of n=(_, &) . Hence by
Theorem A above and Theorem A in [53], for any unit vector n=(_, &) ,
(1.6) has a unique monotone almost periodic traveling wave solution
u( y, z, t)=U(_y+&z+c(t), t) which connects the two stable solutions
u=u f\(t) and propagates in the direction of n=(_, &) . Moreover, both
the wave profile U(x, t) with U(0, t)=u f0(t) and wave speed c$(t) are
independent of n=(_, &) , and u( y, z, t)=U(_y+&z+c(t), t) is uniformly
and asymptotically stable with respect to small perturbations with spatial
variation in the direction of n=(_, &).
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Similarly, let ui, j (t)=U(_i+&j, t) be a solution of the space discrete
bistable equation in two dimensions,
u* i, j (t)=d(ui&1, j (t)+ui+1, j (t)+u i, j&1(t)+ui, j+1(t)
&4ui, j (t))+ f (ui, j (t), t) (1.7)
(i, j # Z). Then u(x, t)=U(x, t) (x # Z_, &) is a solution of (1.3). Therefore,
traveling wave solutions of (1.3) give rise to ones of (1.7) propagating in
the direction of n=(_, &). However, in contrast to (1.1), (1.3) depends on
(_, &) , which reflects the anisotropy of the discrete space media. By
Theorem D, propagation failure and spatial chaos may occur in (1.7) along
the direction of any vector (_, &) . Moreover, we have
Theorem E (Propagation FailureSpatial Chaos). There is d0>0 such
that for any 0<dd0 , (1.7) have infinitely many stable standing wave solutions
which are randomly situated along spatial coordinates (i, j) # Z2 and are
almost periodic in time t (Theorem 7.2).
A standing wave solution of (1.7) in Theorem E may not be one of (1.3).
Hence the dynamic phenomenon described in Theorem E is more com-
plicated than that described in Theorem D.
The paper is organized as follows. In Section 2, we summarize preliminary
materials, including basic properties for compact flows and the results in
the first of the series [53] to be used in the current part. In Section 3, we
show that (1.1) has a wave-like solution. We show in Section 4 that if (1.1)
has a wave-like solution, then to each equation in its hull there is an almost
periodic traveling wave solution connecting the two stable almost periodic
solutions. Theorem A is proved in this section. In Section 5, we briefly
discuss the existence of almost periodic traveling wave solutions to (1.2).
Existence of traveling wave solutions to (1.3) when f is independent of t is
investigated in Section 6. Section 7 is devoted to the study of propagation
failure and spatial chaos in (1.3) and (1.7), and Theorems D and E are
proved in this section.
Note that when applying to the time independent and periodic cases, the
results in the current paper and its companion [53] recover most of those
in [5, 17, 25, 26] on the existence, uniqueness, and stability of traveling
wave solutions to bistable equations.
Traveling wave solutions have been widely studied for various nonlinear
evolution equations. We refer the reader to [8, 13, 1619, 25, 24, 26,
32, 37, 39, 43, 48, 52, 65, 67, 71, 72], etc., for equations with bistable
nonlinearities, to [6, 35, 40, 48, 63], etc., for equations with KPP non-
linearities, to [13, 14, 11, 12, 41, 42, 46, 66, 68], etc., for equations with
combustion nonlinearities, and to [4, 7, 9, 2022, 29, 30, 34, 38, 49, 52, 61,
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64, 69], etc., for many other equations. However, up to the author’s best
knowledge, the traveling wave problem for time almost periodic evolution
equations has been hardly studied. We hope that our study in the series will
provide some insights into the understanding of traveling wave solutions of
time almost periodic evolution equations as well as random equations.
2. PRELIMINARY
In this section, we summarize some basic properties about compact flows
and give a brief review of the results in the first of the series [53] to be
employed in the current part. For convenience, we also restate the assumptions
and notations used in the first of the series [53].
2.1. Compact Flows
Let X and Y be compact metric spaces, and (X, R) ((x, t) [ x } t) and
(Y, R) (( y, t) [ y } t) be flows.
Definition 2.1. (1) x1 , x2 # X are said to be (positively, negatively)
proximal if
inf
t # R(R+, R&)
d(x1 } t, x2 } t)=0,
where d( } , } ) is the metric of X.
(2) x1 , x2 # X are said to be (positively, negatively) distal if they are
not (positively, negatively) proximal.
(3) (X, R) is called (positively, negatively) distal if for any x1 , x2 # X,
they are (positively, negatively) distal.
(4) (X, R) is almost periodic if for any =>0, the set
T(=)=[{ : d(x } {, x)<=, for all x # X]
is relatively dense in R.
(5) A continuous map P : X  Y is called a flow homomorphism
from X to Y if P(x } t)=P(x) } t for x # X and t # R.
(6) X is called a 1-cover (or 1-1 extension) of Y if there is a flow
homomorphism P : X  Y such that P&1( y) is a singleton for any y # Y.
Lemma 2.1. If (X, R) is negatively distal, then it is distal.
Proof. See [47, 51, 70]. K
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Lemma 2.2. If X is a 1-cover of Y and (Y, R) is almost periodic, then
(X, R) is also almost periodic.
Proof. See [47, 5458]. K
Remark 2.1. (1) If (X, R) is almost periodic, then it is distal [23].
(2) Let f # C(Rn_R, Rn), (x, t) [ f (x, t) (x # Rn, t # R) be almost
periodic in t uniformly with respect to x in bounded sets and H( f ) be the
hull of f with the compact open topology (see Definition 2.1 in [53]). Then
H( f ) is metrizable, and (H( f ), R), (g, t) [ g } t#gt defines an almost
periodic minimal flow, where gt( } , } )= g( } , } +t) is the time translation.
2.2. Assumptions and Notations
As in [53], in what follows, (A1)(A3) are taken to be as standard
assumptions.
(A1) f : R_R  R, (u, t) [ f (u, t), is C r (r2).
(A2) f and all its partial derivatives up to order two are almost
periodic in t uniformly with respect to u in bounded sets.
(A3) f is bistable, in the sense that the equation
ut(t)= f (u(t), t) (2.1)
has exactly three almost periodic solutions u=u f\(t) and u=u
f
0(t) satisfying
that
u f&(t)+$0<u
f
0(t)&$0<u
f
0(t)+$0<u
f
+(t)&$0 (2.2)
for some $0>0 and all t # R, that
{ fu(u, t)&=0fu(u, t)=0
for uu f&(t)+$0 or uu
f
+(t)&$0
for u # [u f0(t)&$0 , u
f
0(t)+$0]
(2.3)
for some =0>0 and all t # R, and that
|u(t; u0\ , {)&u
f
\(t)|  0 as t   (2.4)
for any { # R, any u0&<u
f
0({) and u
0
+>u
f
0({), where u(t, u
0, {) is the
solution of (2.1) with initial condition u({; u0, {)=u0. (Hence u=u f&(t) and
u=u f+( f ) are stable, and u=u
f
0(t) is unstable solutions of (2.1)).
Assume that f satisfies (A1)(A3) above. Let H( f ) be the hull of f and
g } t (g # H( f ), t # R) be the time translation (see Remark 2.1). It is known
that for any g # H( f ), the equation
ut(t)= g(u(t), t) (2.5)g
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has also exactly three almost periodic solutions u=u g\(t) and u=u
g
0(t)
satisfying (2.2)(2.4) with f being replaced by g. Moreover, the functions h\ ,
h0 : H( f )  R, h\(g)=u g\(0), h0(g)=u
g
0(0), are continuous in g # H( f ),
and
M(u g\( } ))/M( f ), M(u
g
0( } ))/M( f )
(g # H( f )) (see [53, 5458]). Hence, u g } t\ (0)=u
g
\(t) and u
g } t
0 (0)=u
g
0(t) for
any t # R and g # H( f ). It is also known that if f is indeed time independent
or periodic of period T, then so are u f\(t) and u
f
0(t).
Throughout the paper, the notations ‘(s) and ’(s) denote C2 functions
satisfying that
‘(s)=
1
2 \1+tanh
s
2+ for s # R (2.6)
and
’(s)={0 for s01 for s4, (2.7)
’$(s)0 (s # R), |’"(s)|2 for s # R, (2.8)
and H(s) denotes the following step function,
H(s)={1 for s00 for s<0. (2.9)
Note that
‘$(s)=‘(s)(1&‘(s)), ‘"(s)=‘(s)(1&‘(s))(1&2‘(s)). (2.10)
For given interval I/R and constant { # R, I1 and I{ are the intervals
defined by
I1 =[t # I : t is in the interior of I ], (2.11)
and
I{=[t # I : t>{]. (2.12)
2.3. Brief Review
In the following, we review the results in the first of the series [53] for
Eqs. (1.1)(1.3) to be used in the current paper. To apply the theory of
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compact flows, instead of (1.1)(1.3) themselves, we consider all the equations
in the their hulls, that is,
ut(x, t)=Duxx (x, t)+ g(u(x, t), t), (2.13)g
ut(x, t)=Duxx (x, t)+d2_, & u(x, t)+ g(u(x, t), t), (2.14)g
and
ut(x, t)=d2_, & u(x, t)+ g(u(x, t), t) (2.15)g
for all g # H( f ), where D, d>0, 2_, & is as in (1.4) (_2+&2=1), and f
satisfies (A1)(A3) in Subsection 2.2. Like Eq. (1.3), Eq. (2.15)g is essen-
tially of discrete space variable, namely, its solution need only be defined
for x # Z_, & , where Z_, & is as in (1.5).
Let the spaces Cunif (R), B(R), and l (Z_, &) be defined as follows,
Cunif (R)=[u(x) : u is bounded and uniformly continuous in R] (2.16)
with norm &u&=supx # R |u(x)|,
B(R)=[u(x) : u is bounded in R] (2.17)
with norm &u&=supx # R |u(x)|, and
l (Z_, &)=[u(x) : u is bounded in Z_, &] (2.18)
with norm &u&=supx # Z_ , & |u(x)|.
Then for any { # R, u0 # Cunif (R), and g # H( f ), Eq. (2.13)g ((2.14)g) has a
unique classical solution u(x, t) satisfying the initial condition u(x, {)=u0(x)
for x # R. We denote it by u(x, t; u0 , {, g). Similarly, for any { # R, u0 # l (Z_, &)
or B(R), and g # H( f ), Eq. (2.15)g has a unique solution u(x, t) satisfying
u(x, {)=u0(x) for x # Z_, & or R (see [53]). We also denote it by
u(x, t; u0 , {, g). Clearly,
u(x, t; u0 , {, g)#u(x, t&{; u0 , 0, g } {).
We therefore only consider u(x, t; u0 , 0, g) for g # H( f ). For simplicity, we
denote u(x, t; u0 , 0, g) by u(x, t; u0 , g). Note that if u0(x) is spatially
homogeneous, then so is u(x, t; u0 , g), and we may denote it by u(t; u0 , g).
By (A3), u=u g\(t) are stable and u=u
g
0(t) is unstable solutions of (2.13)g
((2.14)g , (2.15)g) (see [53]).
Lemma 2.3. (1) If u(x, t; u0 , g) denotes the solution of (2.13)g or (2.14)g ,
then u( } , t; u0 , g) # Cunif (R) is continuous with respect to u0 # Cunif (R),
g # H( f ), and t in the interval of existence.
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(2) If u(x, t; u0 , g) denotes the solution of (2.15)g with x # R or Z_, & ,
then u( } , t; u0 , g) # B(R) or l (Z_, &) is continuous with respect to u0 # B(R)
or l (Z_, &), g # H( f ), and t in the interval of existence.
Proof. It follows from (A1)(A3) above and Lemmas 3.1, 6.1, and 7.1
in [53]. K
Recall that in the first of the series [53], among (2.13)g ((2.14)g , (2.15)g), we
mainly concentrated on one equation (2.13)f ((2.14)f , (2.15)f ) and its time
translations (2.13)f } { ((2.14)f } { , (2.15)f } {) ({ # R). We denoted u(x, t&{;
u0 , f } {) by u(x, t; u0 , {). In the current part, to prove the existence of
almost periodic traveling wave solutions of (1.1) ((1.2), (1.3)) by applying
the theory for compact flows, we need consider (2.13)f ((2.14)f , (2.15)f )
and all its time translated and limiting equations, that is, (2.13)g ((2.14)g ,
(2.15)g) for all g # H( f ). As remarked in Section 8 of [53], all the results
in [53] for Eq. (1.1) ((1.2), (1.3)) hold for Eq. (2.13)g ((2.14)g , (2.15)g) for
any g # H( f ). We summarize them in Lemmas 2.42.10 below.
Lemma 2.4. (1) Suppose that u1(x, t) and u2(x, t) are bounded super-
and sub-solutions of (2.13)g ((2.14)g , (2.15)g) on an interval I with u1(x, {)
u2(x, {) for x # R (x # R, x # R or Z_, &) and some { # I (see Definitions 3.1
and 7.1 in [53]). Then u1(x, t)u2(x, t) for x # R (x # R, x # R or Z_, &) and
t # I{ .
(2) There is a function %(J, t) (0<%(J, t)1) with %(J, t) being non-
increasing in J such that for any super-solution u1(x, t) and sub-solution
u2(x, t) of (2.13)g ((2.14)g) on an interval I satisfying that u1(x, {)u2(x, {)
for x # R and some { # I, and that |u1(x, t)|, |u2(x, t)|K0=sups # R
[ |u g&(s)|+1, |u
g
+(s)|+1] for x # R and t # I{ , the following holds,
u1(x, t)&u2(x, t)%(J, t&{) |
z+1
z
(u1( y, {)&u2( y, {)) dy
for x # R with |x&z|J and t # I{ , where z # R.
Proof. It follows from Lemmas 3.2, 6.2, and 7.2 in [53]. K
Lemma 2.5. Let :&<:+ be any given constants, and ‘( } ) be as in (2.6).
(1) Let v\(x, t)=u(t; :\ , g) ‘(x+Ct)+u(t; : , g)(1&‘(x+Ct)).
Then, when C>>1, v+ and v& are respectively super- and sub- solutions to
Eqs. (3.13)g ((3.14)g , (3.15)g) on [0, ).
(2) Let w\(x, t)=u(t; : , g) ‘(x&Ct)+u(t; :\ , g)(1&‘(x&Ct)).
Then, when C>>1, w+ and w& are also respectively super- and sub-solutions
to Eqs. (3.13)g ((3.14)g , (3.15)g) on [0, ).
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Proof. See Lemma 3.3, Remarks 6.1 and 7.1 in [53]. K
Remark 2.2. For given D0>0, d0>0, and M0>0, there is C0>0 such
that for any g # H( f ), any :&<:+ with |:& |, :+ |M0 , any 0<DD0 ,
any 0<dd0 , and any CC0 , v+(x, t) and w+(x, t) (v&(x, t) and
w&(x, t)) in Lemma 2.5 are super-solutions (sub-solutions) of Eqs. (2.13)g
(2.15)g on [0, ) (see Remark 3.1 in [53]).
Lemma 2.6. Suppose that u(x, t) is a solution of (2.13)g ((2.14)g , (2.15)g)
with u( } , 0) # Cunif (R) (u( } , 0) # Cunif (R), u( } , 0) # B(R) or Z_, &(R)), and
u(\, 0)=u f\(0). Then u(\, t)=u
f
\(t) for t>0.
Proof. See Lemma 3.4, Remarks 6.1 and 7.1 in [53]. K
Lemma 2.7. (1) For any u0 # Cunif (R) (u0 # Cunif (R), u0 # B(R) or
Z_, &), the solution u(x, t; u0 , g) of (2.13)g ((2.14)g , (2.15)g) exists for all
t>0.
(2) For any u0 # Cunif (R), [&u( } , t; u0 , f )&C 3(R) : t$] is bounded for
any $>0, where u(x, t; u0 , g) is the solution of (2.13)g or (2.14)g .
Proof. See Lemma 3.5, Remarks 6.1 and 7.1 in [53]. K
Definition 2.2 (Wave-like Solutions). (1) A solution u=u g(x, t) of
(2.13)g ((2.14)g) is called a wave-like solution on the interval [0, ) if
there exist a constant {1>0 and positive functions m( } ), :( } ) such that
(H1) u g(\, t)=u g\(t), u
g
x(x, t)>0 for x # R and t{1 .
(H2) For any $>0, ug(x, t) # [u g&(t), u
g
&(t)+$] _ [u
g
+(t)&$,
u g+(t)] for x # R with |x&!(t; u
g)|m($) and t{1 , where !(t; u g) is
such that u g(!(t; u g), t)=u g0(t).
(H3) For any M>0, u gx(x, t):(M) for x # R with |x&!(t; u
g)|M
and t{1 .
(2) Let u=u g(x, t) be a wave-like solution of (2.13)g ((2.14)g) on
[0, ) and !(t; u g) be as in 1). Then v g(x, t)=u g(x+!(t; u g), t) is called
the profile function of u g(x, t).
Remark 2.3. Suppose that u=u g(x, t) is a wave-like solution of (2.13)g
((2.14)g) on [0, ), that is, it satisfies (H1)(H3) with some constant
{1>0 and positive functions m( } ), :( } ), and v g(x, t) is its profile function.
By Lemma 2.7(2), v gx(x, t), v
g
xx(x, t), and v
g
xxx(x, t) are bounded for x # R
and t{1 , and then by (H2), the sets [v g( } , t) : t{1], [v gx( } , t) : t{1],
and [v gxx( } , t) : t{1] are relatively compact in Cunif (R).
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Lemma 2.8 (Stability of Wave-like Solutions). Let $0 be as in
(2.2)(2.3) and & }& be the norm in Cunif (R). Suppose that u=u g(x, t) is a
wave-like solution of (2.13)g ((2.14)g) on [0, ), that is, it satisfies
(H1)(H3) with some constant {1>0 and positive functions m( } ), :( } ).
(1) (Uniform stability) For any =>0, there is $(=)>0, such that for
any u0( } ) # Cunif (R) with &u0( } )&u g( } , {)&<$(=) for some {{1 , there
holds
&u( } , t; u0 , g } {)&u g( } , t+{)&<= for t0.
(2) (Asymptotic Stability) For any u0( } ) # Cunif (R) satisfying that
u g&({)&$0u0(x)u
g
+({)+$0
for x # R and some {{1 , and that
lim inf
x  
u0(x)>u g0({), lim sup
x  &
u0(x)<u g0({),
there is !0 # R such that
&u( } , t; u0 , g } {)&u g( } +!0 , t+{)&  0
exponentially as t  .
Proof. See Theorems 5.1 and 6.4 in [53]. K
Remark 2.4. Denote $(=) in Lemma 2.8(1) by $(=; u g) to indicate its
dependence on the wave-like solution u g(x, t). Then $(=; u g) depends only
on the constant M=supx # R, t{1 u
g
x(x, t) and the positive functions m( } ),
:( } ) (see Remark 5.1 in [53]).
Similarly to (1.1) ((1.2)), a solution u(x, t) of (2.13)g ((2.14)g) is an
almost periodic traveling wave solution connecting u=u g\(t) if it is of
form u(x, t)=U(x+c(t), t), where U(x, t) is almost periodic in t uniformly
with respect to x in bounded sets, c$(t) is almost periodic in t, and
limx  \ U(x, t)=u g\(t) uniformly in t # R (see Definitions 2.2 and 4.1
in [53]).
Lemma 2.9. If u(x, t)=U(x+c(t), t) is an almost periodic traveling
wave solution of (2.13)g ((2.14)g) connecting u=u g\(t), then it is a wave-like
solution.
Proof. See Theorems 4.2 and 6.3 in [53]. K
Lemma 2.10 (Uniqueness of Traveling Wave Solutions). Suppose that
u1(x, t)=U1(x+c1(t), t), u2(x, t)=U2(x+c2(t), t) are two almost periodic
67TIME ALMOST PERIODIC STRUCTURES, II
traveling wave solutions of (2.13)g ((2.14)g) connecting u=u g\(t). Then there
is a C1 almost periodic function !(t) such that
U2(x, t)=U1(x+!(t), t)
for x, t # R, and
c$2(t)=c$1(t)&!$(t)
for t # R.
Proof. See Theorems 5.2 and 6.5 in [53]. K
3. EXISTENCE OF WAVE-LIKE SOLUTIONS
Consider (2.13)g for g # H( f ), where f satisfies (A1)(A3) in Sub-
section 2.2. As is known, an almost periodic traveling wave solution of
(2.13)g connecting u=u g\(t) is a wave-like solution. In this section, we
prove that for any g # H( f ), (2.13)g has a wave-like solution. We will prove
in next section that the limit set of the profile function of a wave-like
solution of (2.13)g0 for some g0 # H( f ) yields an almost periodic traveling
wave solution to (2.13)g for each g # H( f ). Our main result of this section
is the following.
Theorem 3.1. u=u g(x, t) is a wave-like solution of (2.13)g on [0, ),
where
u g(x, t)=u(x, t; u0 , g), (3.1)
and
u0(x)=u g&(0)(1&‘(x))+u
g
+(0) ‘(x), (3.2)
‘( } ) is as in (2.6).
The main idea in proving Theorem 3.1 is to prove that u(x, t; u0 , g) does
not become too ‘‘flat’’ as t increases. We will prove Theorem 3.1 only for
the case g= f. To do so, we need the following technical lemmas. The
reader may go to next section first and come back this section later.
Lemma 3.2. (1) Let v1(x, t; t0) and v2(x, t; t0) be the solutions of the
linearized equation of (2.13)f around u=u f0(t),
vt(x, t)=Dvxx(x, t)+fu(u f0(t), t) v(x, t) (3.3)
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with v1(x, t0 ; t0)=H(x) and v2(x, t0 ; t0)=&1+2H(x), where H(x) is as in
(2.9). Then there exist {(t0)>t0 , /(t0) # R such that
v1(/(t0), {(t0); t0)3, v2(/(t0), {(t0); t0)&3. (3.4)
Moreover, {(t0)&t0 is bounded and continuous for t0 # R, and /(t0) is bounded
for t0 # R.
(2) Let u1$(x, t; t0) and u
2
$(x, t; t0) be the solutions of (2.13)f with
u1$(x, t0 ; t0)=u
f
0(t0)+$H(x), u
2
$(x, t0 ; t0)=u
f
0(t0)+$(&1+2H(x)). There
is $1 with 0<$1$0 ($0 is as in (2.2)(2.3)) such that for any 0<$$1 and
t0 # R,
u1$(/(t0), {(t0); t0)u
f
0({(t0))+2$, u
2
$(/(t0), {(t0); t0)u
f
0({(t0))&2$.
(3.5)
(3) Let u3$(x, t; t0) and u
4
$(x, t; t0) be the solutions of (2.13)f with
u3$(x, t0 ; t0)=u
f
0(t0)+$H(x)&(u
f
0(t0)&u
f
&(t0)) H(&h&x),
u4$(x, t0 ; t0)=u
f
0(t0)+$(&1+2H(x))+(u
f
+(t0)&u
f
0(t0)&$) H(x&h),
and let $1 be as in (2). Then for any 0<$$1 , there exists h1($)>0 such
that for any hh1($) and t0 # R,
u3$(/(t0), {(t0); t0)u
f
0({(t0))+$, u
4
$(/(t0), {(t0); t0)u
f
0({(t0))&$.
(3.6)
This lemma is similar to Lemma 4.3 in [17].
Proof of Lemma 3.2. First of all, by the standard theory for parabolic
equations and (A1)(A3) in 2.2, vi (x, t; t0) (i=1, 2) and u j$(x, t; t0)
( j=1, 2, 3, 4) exist for t>t0 , and are continuous in x # R and t>t0 , and
strictly increasing in x # R for t>t0 .
(1) Observe that v(x, t)#0 and v(x, t)=e
t
t0
fu(u0
f(s), s) ds are two
solutions of (3.3). By the comparison principle for parabolic equations, we
have
0v1(x, t; t0)e#(t) (3.7)
for x # R and tt0 , where
#(t)=|
t
t0
fu(u f0(s), s) ds. (3.8)
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By the linearity, we have
v2(x, t; t0)=&e#(t)+2v1(x, t; t0) (3.9)
for x # R and tt0 .
We claim that
v1(&, t; t0)=0, v1(+, t; t0)=e#(t) (3.10)
for tt0 .
To prove the first equality in (3.10), for any given 0<=<1, let
w+(x, t)=\(=) e2#(t)+’(=x) e#(t), (3.11)
where ’(x) is as in (2.7) and (2.8), and \( } ) will be determined later. By
direct computation,
w+t (x, t)&Dw
+
xx(x, t)& fu(u
f
0(t), t) w
+(x, t)
=\(=) fu(u f0(t), t) e
2#(t)&=2 D’xx(=x) e#(t).
Define
\(=)= sup
x # R, t # R
|=2 D’xx(=x)|
fu(u f0(t), t)
, x # R. (3.12)
Then \(=)>0, \(=)  0 as =  0, and w+(x, t) is a supersolution of (3.3) on
[t0 , ). Clearly, v1(x, t0 ; t0)w+(x+4=, t0) for x # R. Hence, by the
comparison principle for parabolic equations, there holds
v1(x, t; t0)w+ \x+4= , t+ (3.13)
for x # R and tt0 . This implies that v1(&, t; t0)\(=) e2#(t) for tt0 .
Letting =  0, by (3.7) and (3.12), we obtain
v1(&, t)=0 for tt0 ,
that is, the first equality in (3.10) holds.
To prove the second equality in (3.10), let
w&(x, t)=e#(t)&w+(&x, t). (3.14)
It is then a sub-solution of (3.3) on [t0 , ). Clearly, v1(x, t0 ; t0)
w&(x&4=, t0) for x # R. By the comparison principle for parabolic equa-
tions again,
v1(x, t; t0)w& \x&4= , t+ (3.15)
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for x # R and tt0 . This implies that v1(+, t; t0)e#(t)&\(=) e#(t) for
tt0 . Again, letting =  0, by (3.7) and (3.12), we have
v1(+, t; t0)=e#(t) for tt0 ,
that is, the second equality in (3.10) also holds.
Now, let {(t0) be such that
e#({(t0))=9. (3.16)
Then {(t0)>t0 , and {(t0)&t0 is bounded and continuous for t0 # R. By
(3.10), there is /(t0) # R such that
v1(/(t0), {(t0); t0)=3,
which together with (3.9) implies that (3.4) holds. Moreover, by the almost
periodicity of f, /(t0) is bounded for t0 # R.
(2) Let
w1(x, t)=u f0(t)+$v
1(x, t; t0)&$2eK1(t&t0) (3.17)
for x # R and tt0 , where v1(x, t; t0) is as in (1), and K1>0, $>0 will be
determined later. By direct computation,
w1t (x, t)&Dw
1
xx(x, t)& f (w
1(x, t), t)
= f (u f0(t), t)& f (u
f
0(t)+$v
1(x, t; t0)&$2eK1(t&t0), t)
+$fu(u f0(t), t) v
1(x, t; t0)&K1$2eK1(t&t0)
=$2eK1(t&t0)fu(u f0(t), t)&
1
2 fuu(u*(x, t), t)($v
1(x, t; t0)&$2eK1(t&t0))2
&K1$2eK1(t&t0),
for x # R, t>t0 , and some u*(x, t) between u f0(t) and w
1(x, t). Define K1
and $1 by
K1=sup [ fu(u f0(t), t)+50 | fuu(u, t)| : u
f
0(t)&1uu
f
0(t)+9, t0],
and
$1=min { 1eK1({(t0)&t0) , $0 : t0 # R]. (3.18)
Then for any 0<$$1 , we have
w1t (x, t)&Dw
1
xx(x, t)& f (w
1(x, t), t)0
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for t0t{(t0) and x # R, that is, u(x, t)=w1(x, t) is a sub-solution of
(2.13)f for t0t{(t0). Note that
u1$(x, t0 ; t0)=u
f
0(t0)+$H(x)=u
f
0(t0)+$v
1(x, t0 ; t0)w1(x, t0).
By the comparison principle for parabolic equations, there holds
u1$(x, t; t0)w
1(x, t) for t0t{(t0), x # R.
Hence, for 0<$$1 , we have $eK1({(t0)&t0)1 and then
u1$(/(t0), {(t0); t0)w
1(/(t0), {(t0))
u f0({(t0))+$v
1(/(t0), {(t0); t0)&$
=u f0({(t0))+2$.
Similarly, we can prove that
u2$(/(t0), {(t0); t0)u
f
0({(t0))&2$.
(3) Let 0<$$1 and u1$ (x, t; t0) be as in (2). For given =, K2 and C,
define
w3(x, t)=u1$(x, t; t0)&\~ (=) e
2K2(t&t0)
&(u f0(t0)&u
f
&(t0)) ’(&! (x, t))(1&’(! (x, t)) (3.19)
for x # R and tt0 , where ! (x, t)== } (x&/(t0)&C } (t&{(t0)), and \~ ( } )
will be determined later. A direct computation yields
w3t (x, t)&Dw
3
xx(x, t)&f (w
3(x, t), t)
=&2K2 \~ (=) e2K2(t&t0)
&C=(u f0(t0)&u
f
&(t0))[’$(&! (x, t))(1&’(! (x, t)))
+’(&! (x, t)) ’$(! (x, t))]
+D=2(u f0(t0)&u
f
&(t0))[’"(&! (x, t))(1&’(! (x, t)))
+2’$(&! (x, t)) ’$(! (x, t))]
&D=2(u f0(t0)&u
f
&(t0))[’(&! (x, t)) ’"(! (x, t))]
+ fu(u*(x, t), t)[\~ (=) e2K2(t&t0)
+(u f0(t0)&u
f
&(t0)) ’(&! (x, t))(1&’(! (x, t)))]
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for x # R, t>t0 , and some u*(x, t) between u1$(x, t; t0) and w
3(x, t). Define
\~ (=) and K2 by
\~ (=)=sup {D=2(u f0(t0)&u f&(t0)) } } d
2
dx2
[’(&x)(1&’(x))] } : x # R, t0 # R= ,
and
K2=; sup [1+| fu(u, t)|:
u^1$(x, t; t0)uu
1
$(x, t; t0), x # R, t # [t0 , {(t0)], t0 # R],
where ;=1+sup[u f0(t0)&u
f
&(t0) : t0 # R], and u^
1
$(x, t; t0)=u
1
$(x, t; t0)&
1&(u f0(t0)&u
f
&(t0)). Let
C=
K2
=#;
,
where
#=min[’$(x)(1&’(&x))+’(x) ’$(&x) : \~ (=)<’(x)<1&\~ (=)],
and let ===($)>0 be such small that
\~ (=($)) e2K2({(t0)&t0)$. (3.20)
Then
w3t (x, t)&Dw
3
xx(x, t)& f (w
3(x, t), t)0 for t # [t0 , {(t0)], x # R,
that is, u(x, t)=w3(x, t) is a sub-solution of (2.13)f for t0t{(t0). Let
h1($)=
4
=($)
+sup
t0 # R
|/(t0)|. (3.21)
Clearly, for any hh1($), we have u3$(x, t0 ; t0)w
3(x, t0) for x # R. Again,
by the comparison principle for parabolic equations, there holds
u3$(x, t; t0)w
3(x, t) for t # [t0 , {(t0)], x # R.
This last inequality together with (3.20) implies that
u3$(/(t0), {(t0); t0)w
3(/(t0), {(t0))
=u1$(/(t0), {(t0); t0)&\~ (=) e
2K2({(t0)&t0)
&(u f0(t0)&u
f
&(t0)) ’(0)(1&’(0))
u f0({(t0))+2$&\~ (=) e
2K2({(t0)&t0)
u f0({(t0))+$.
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Similarly, we can prove that
u4$(/(t0), {(t0); t0)u
f
0({(t0))&$. K
Remark 3.1. Denote /(t0) and h1($) by /D(t0) and hD1 ($), respectively,
to indicate their dependence on D. By (3.13) and (3.15), /D(t0) is bounded
for 0<DO(1) and t0 # R, and then by (3.21), hD1 ($) is bounded
for 0<DO(1) and any fixed 0<$$1 . By (3.16) and (3.18),
supt0 # R({(t0)&t0) (<), mint0 # R({(t0)&t0)) (>0), and $1 are independent
of D.
Lemma 3.3. Let H(x) be as in (2.9), and {(t0) be as in Lemma 3.2.
(1) Let v~ 1(x, t; t0) and v~ 2(x, t; t0) be the solutions of (3.3) with
v~ 1(x, t0 ; t0)=&1+H(x) and v~ 2(x, t0 ; t0)=&1+2H(x). Then there exists
/~ (t0) # R such that
v~ 1(/~ (t0), {(t0); t0)&3, v~ 2(/~ (t0), {(t0); t0)3.
Moreover, /~ (t0) is bounded for t0 # R.
(2) Let u~ 1$(x, t; t0) and u~
2
$(x, t; t0) be the solutions of (2.13)f with
u~ 1$(x, t0 ; t0)=u
f
0(t0)+$(&1+H(x)), u~
2
$(x, t0 ; t0)=u
f
0(t0)+$(&1+2H(x)).
There is $2 with 0<$2$0 such that for any 0<$$2 and t0 # R,
u~ 1$(/~ (t0), {(t0); t0)u
f
0({(t0))&2$, u~
2
$ (/~ (t0), {(t0); t0)u
f
0({(t0))+2$.
(3) Let u~ 3$((x, t; t0) and u~
4
$((x, t; t0) be the solutions of (2.13)f with
u~ 3$((x, t0 ; t0)=u
f
0(t0)+$(&1+H(x))+(u
f
+(t0)&u
f
0(t0)) H(x&h),
u~ 4$((x, t0 ; t0)=u
f
0(t0)+$(&1+2H(x))&(u
f
0(t0)&u
f
&(t0)&$) H(&x&h).
For any 0<$$2 , there exists h2($)>0 such that for any hh2($) and
t0 # R,
u~ 3$((/~ (t0), {(t0); t0)u
f
0({(t0))&$, u~
4
$((/~ (t0), {(t0); t0)u
f
0({(t0))+$.
Proof. It can be proved by exactly the same arguments as in
Lemma 3.2. K
Remark 3.2. Denote /~ (t0) and h2($) by /~ D(t0) and hD2 ($), respectively,
to indicate their dependence on D. Similar to Remark 4.1, /~ D(t0) is bounded
for 0<DO(1) and t0 # R, and hD2 ($) is bounded for 0<DO(1) and
any fixed 0<$$2 . Also, $2 is independent of D.
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The following two lemmas concern the flatness of the solution u f (x, t) of
(2.13)f in Theorem 3.1.
Lemma 3.4. Let u(x, t)=u f (x, t) and $*=min[$1 , $2], where u f (x, t)
is as in (3.1) with g= f, and $1 and $2 are as in Lemmas 3.2 and 3.3, respec-
tively. Then for any 0<$$*, there exists =*($)>0 such that
!+(t; $)&!&(t; $)!+(0; $)&!&(0; $)+=*($)
for t0, where !+(t; $) and !&(t; $) are such that
u(!&(t; $), t)=u f0(t)&$, u(!+(t; $), t)=u
f
0(t)+$. (3.22)
Proof. First of all, by Lemmas 2.4 and 2.6, for any t0, u(x, t) is
strictly increasing in x # R, u(\, t)=u f\(t), and hence !\(t; $) are well
defined for t0. We claim that for any given t00 and 0<$$*, there
holds
!+({(t0); $)&!&({(t0); $)max[!+(t0 ; $)&!&(t0 ; $), 2h*($)], (3.23)
where h*($)=max[h1($), h2($)], h1($) and h2($) are as in Lemmas 3.2 and
3.3, respectively, and {(t0) is as in Lemma 3.2.
For given t00 and 0<$$*, by making a phase shift if necessary, we
may assume that
!&(t0 ; $)<0<!+(t0 ; $), u(0, t0)=u f0(t0). (3.24)
Then, one of the following must hold,
!+(t0 ; $)h*($), (3.25)
&!&(t0 ; $)h*($), (3.26)
and
h*($)max[!+(t0 ; $), &!&(t0 ; $)]. (3.27)
Suppose that (3.25) holds. By (3.24), u(x+!+(t0 ; $), t0)u3$(x, t0 ; t0)
and u(x+!&(t0 ; $), t0)u4$(x, t0 ; t0) for x # R, where u
3, 4
$ are as in
Lemma 3.2 with h=h*($). Hence, by the comparison principle for para-
bolic equations,
u(x+!+(t0 ; $), {(t0))u3$(x, {(t0); t0)
and
u(x+!&(t0 ; $), {(t0))u4$(x, {(t0); t0)
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for x # R. Then by Lemma 3.2, we have !+({(t0); $)/(t0)+!+(t0 ; $), and
!&({(t0); $)/(t0)+!&(t0 ; $). Therefore,
!+({(t0); $)&!&({(t0); $)!+(t0 ; $)&!&(t0 ; $). (3.28)
Similarly, if (3.26) holds, then u(x+!+(t0 ; $), {(t0))u~ 4$(x, {(t0); t0) and
u(x+!&(t0 ; $), {(t0))u~ 3$(x, {(t0); t0) for x # R, where u~
3, 4
$ are as in
Lemma 3.3 with h=h*($). By Lemma 3.3, we have !+({(t0); $)/~ (t0)+
!+(t0 ; $), and !&({(t0); $)/~ (t0)+!&(t0 ; $). Therefore, !+({(t0); $) and
!&({(t0); $) satisfy (3.28) too.
Suppose that (3.27) holds. Then we have u(x+h*($), t0)u3$(x, t0 ; t0)
and u(x&h*($), t0)u4$(x, t0 ; t0) for x # R, where u
3, 4
$ are as in Lemma 3.2
with h=h*($). Again, by the comparison principle for parabolic equations,
u(x+h*($), {(t0))u3$(x, {(t0); t0)
and
u(x&h*($), {(t0))u4$(x, {(t0); t0)
for x # R. By Lemma 3.2, !+({(t0); $)/(t0)+h*($) and !&({(t0); $)
/(t0)&h*($). Therefore,
!+({(t0); $)&!&({(t0); $)2h*($). (3.29)
The claim (3.23) then follows from (3.28) and (3.29).
Now, let t0=0 and t1={(t0). Clearly, for any 0<$$*, there is
=1($)>0 such that
!+(t; $)&!&(t; $)!+(0; $)&!&(0; $)+=1($) (3.30)
for t # [0, t1]. We claim that
!+(t; $)&!&(t; $)!+(0; $)&!&(0; $)+=*($) (3.31)
for all t0, where =*($)=max[=1($), 2h*($)].
Let tn={(tn&1) for n=1, 2, ..., where t0=0. Then n=0 [tn , tn+1]
=[0, ). We prove by induction that (3.31) holds for any t # [tn , tn+1]
(n=0, 1, 2...). First, by (3.30), (3.31) holds for any t # [t0 , t1]. Suppose that
(3.31) holds for t # [tk , tk+1], where k=0, 1, ..., n&1. Then for any t #
[tn , tn+1], there is t* # [tn&1 , tn] such that t={(t*). By (3.23) and the
assumption, we have
!+(t; $)&!&(t; $)max[!+(t*; $)&!&(t*; $), 2h*($]
max[!+(0; $)&!&(0; $)+=*($), 2h*($)]
=!+(0; $)&!&(0; $)+=*($).
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Hence, (3.31) also holds for t # [tn , tn+1]. By induction, (3.31) holds for
any t # [tn , tn+1] (n=0, 1, 2...). The lemma then follows. K
Remark 3.3. Let t0=0 and tn={(tn&1), where {( } ) is as in Lemma 3.2.
Let u(x, t) and !\(t; $) be as in Lemma 3.4. Denote !\(t; $) by !D\(t; $) to
indicate its dependence on D. By (3.23), !D+(tn ; $)&!
D
&(tn ; $) is bounded
for 0<DO(1), n # Z+, and any fixed 0<$$*.
Lemma 3.5. Let $*, u(x, t), and !\(t; $) be as in Lemma 3.4. Then for
any 0<$$*, there is =~ *($) such that
! +(t; $)&! &(t; $)!+(0; $)&!&(0; $)+=~ *($)
for t0, where ! \(t; $) are such that
u(! \(t; $), t)=u f\(t)$. (3.32)
Proof. First of all, as !\(t; $) in Lemma 3.4, ! \(t; $) are well defined
for t0 and 0<$$*.
By Lemma 3.4, for any 0<$$*,
!+(t; $)&!&(t; $)!+(0; $)&!&(0; $)+=*($) (3.33)
for all t0. We claim that there are C>0, =~ 1*($)>0, and T ($)>0
(0<$$*) such that for any t00,
! +(t; $)&! &(t; $)!+(t0 ; $)&!&(t0 ; $)+=~ 1*($)+2C(t&t0) (3.34)
for all tT ($)+t0 . To prove the claim, for given t00 and 0<$$*,
define
w+(x, t; t0)=u(t&t0 ; u f0(t0)&$, f } t0)(1&‘(x+C(t&t0)))
+u(t&t0 ; u f+(t0)+$, f } t0) ‘(x+C(t&t0)), (3.35)
and
w&(x, t; t0)=u(t&t0 ; u f&(t0)&$, f } t0)(1&‘(x&C(t&t0)))
+u(t&t0 ; u f0(t0)+$, f } t0) ‘(x&C(t&t0)), (3.36)
where ‘( } ) is as in (2.6). By Lemma 2.5, when C>>1, for any t00 and
0<$$*, w+(x, t; t0) and w&(x, t; t0) are super- and sub-solutions of
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(2.13)f on [t0 , ), respectively. Fix C>>1. By (2.6), there is /*($)>0 such
that
w+(/*($), t0 ; t0)u f+(t0) and w
&(&/*($), t0 ; t0)u f&(t0)
(3.37)
for any t0 # R. Following from (3.37),
w&(x&!+(t0 ; $)&/*($), t0 ; t0)
u(x, t0)w+(x&!&(t0 ; $)+/*($), t0 ; t0)
for x # R. Hence, by the comparison principle for parabolic equations, there
holds
w&(x&!+(t0 ; $)&/*($), t; t0)u(x, t)w+(x&!&(t0 ; $)+/*($), t; t0)
(3.38)
for x # R and tt0 . By (A3), there is T ($)>0 and /~ *($)>0 such that
w+(&/~ *($)&C(t&t0), t; t0)u f&(t)+$ (3.39)
and
w&(/~ *($)+C(t&t0), t; t0)u f+(t)&$ (3.40)
for any t0 # R and tT ($)+t0 . Following from (3.38) and (3.40),
! +(t; $)!+(t0 ; $)+/*($)+/~ *($)+C(t&t0)
and
! &(t; $)!&(t0 ; $)&/*($)&/~ *($)&C(t&t0)
for tT ($)+t0 and t00. The claim (3.34) then follows with =~ 1*($)=
2/*($)+2/~ *($).
By (3.33) and (3.34),
! +(t; $)&! &(t; $)!+(0; $)&!&(0; $)+=~ 1*($)+=*($)+2CT ($)
for all tT ($). Clearly, there is =~ 2*($)>0 such that
! +(t; $)&! &(t; $)=~ 2*($)
for 0tT ($). Therefore,
! +(t; $)&! &(t; $)!+(0; $)&!&(0; $)+=~ *($)
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for any t0 and 0<$$*, where =~ *($)=max[=~ 2*($), =*($)+=~ 1*($)+
2CT ($)]. K
The following lemma concerns the propagation of the solution u f (x, t) of
(2.13)f in Theorem 3.1.
Lemma 3.6. Let u(x, t) be as in Lemma 3.4. Then there are T0>0 and
h0>0 such that
|!(t+T0)&!(t)|h0
for any t0, where !(t) is such that
u(!(t), t)=u f0(t) (3.41)
for t0.
Proof. Again, !(t) is well defined for all t0.
Let $* be as in Lemma 3.4 and w\(x, t; t0) be as in (3.35) and (3.36)
with $=$* and C>>1. By (A3) and (2.6), there are T0>0 and /0>0 such
that for any t00,
w+(&/0&CT0 , t0+T0 ; t0)u f0(t0+T0)&$*,
and
w&(/0+CT0 , t0+T0 ; t0)u f0(t0+T0)+$*,
which together with (3.38) imply that
&/0&CT0+!&(t0 ; $*)&/*($*)!&(t0+T0 ; $*),
and
/0+CT0+!+(t0 ; $*)+/*($)!+(t0+T0 ; $*)
for any t00, where !\(t; $*) are as in (3.22) and /*($) is as in (3.37).
Therefore,
!+(t0+T0 ; $*)&!+(t0 ; $*)/0+CT0+/*($*), (3.42)
and
!&(t0+T0 ; $*)&!&(t0 ; $*)&/0&CT0&/*($*) (3.43)
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for any t00. Following from (3.42), (3.43), and Lemma 3.4, there holds
!+(t0+T0 ; $*)&!&(t0 ; $*)
!+(t0+T0 ; $*)&!+(t0 ; $*)+!+(t0 ; $*)&!&(t0 ; $*)h0 ,
and
!&(t0+T0 ; $*)&!+(t0 ; $*)
!&(t0+T0 ; $*)&!&(t0 ; $*)+!&(t0 ; $*)&!+(t0 ; $*)&h0
where h0=/0+CT0+/*($*)+!+(0; $*)&!&(0; $*)+=*($*). Therefore,
&h0!&(t0+T0 ; $*)&!+(t0 ; $*)!(t0+T0)&!(t0)
!+(t0+T0 ; $*)&!&(t0 ; $*)h0
for any t00. The lemma follows. K
Remark 3.4. By the above arguments, Lemmas 3.43.6 and Remark 3.3
hold for any solution u(x, t) of (2.13)f with u(x, 0) satisfying that
ux(x, 0)>0 for x # R and u(\, 0)=u f\(0).
Proof of Theorem 3.1. As mentioned, we prove the theorem only for
the case that g= f.
First of all, by Lemmas 2.4 and 2.6, it is clear that u=u f(x, t) satisfies
(H1) with {1=0.
Next, we prove that u=u f (x, t) satisfies (H2) with some positive
function m( } ) and constant {10. Let !\(t; $), ! \(t; $), and !(t) be as in
(3.22), (3.32), and (3.41), respectively. Let =~ *($) be as in Lemma 3.5, and
m($)={!+(0; $)&!&(0; $)+=~ *($)!+(0; $*)&!&(0; $*)+=~ *($*)
if 0<$$*
if $$*,
(3.44)
where $* is as in Lemma 3.4. By Lemma 3.5, for any t0 and x # R with
|x&!(t)|m($), there holds
u f (x, t)u f (! +(t; $), t)=u f+(t)&$
or u f (x, t)u f (! &(t; $), t)=u f&(t)+$,
for 0<$$*, and
u f (x, t)u f (! +(t; $*), t)u f+(t)&$
or u f (x, t)u f (! &(t; $*), t)u f&(t)+$
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for $$*. Hence, for any $>0, t0, and x # R with |x&!(t)|m($),
u f (x, t) # [u f&(t), u
f
&(t)+$] _ [u
f
+(t)&$, u
f
+(t)],
that is, u=u f (x, t) satisfies (H2) with m( } ) as in (3.44) and {1=0.
Now we prove that u=u f (x, t) satisfies (H3) with some positive function
:( } ) and {1>0. By Lemma 2.4, there holds
u fx(x, t+t0)%( |x&z| , t) |
z+1
z
u fx( y, t0) dy (3.45)
for any x, z # R, t>0, and t00.
Let h # N be such that
h !+(0; $*)&!&(0; $*)+=*($*),
where =*( } ) is as in Lemma 3.4. By Lemma 3.4, for any given t00, there
exists !*(t0) # [&h , h &1] such that
|
!*(t0)+1
!*(t0)
u fx( y+!(t0), t0) dy=
1
2h |
h
&h
u fx( y+!(t0), t0) dy
$*
h
. (3.46)
Following from (3.45) and (3.46), for any M>0, t>0, t00, and x # R
with |x&!(t0)|M, there holds
u fx(x, t+t0)%(M+h , t) |
!*(t0)+!(t0)+1
!*(t0)+!(t0)
u fx( y, t0) dy%(M+h , t)
$*
h
.
(3.47)
Let h0 and T0 be as in Lemma 3.6. For any given M>0, let M =
M+h +h0 . By Lemma 3.6, for any t00 and x # R with |x&!(t0+T0)|
M, we have
|x&!(t0)||x&!(t0+T0)|+|!(t0+T0)&!(t0)|M+h0 . (3.48)
By (3.47) and (3.48), for any M>0, tT0 and x # R with |x&!(t)|M,
there holds
u fx(x; t):(M), (3.49)
where
:(M)=%(M+h +h0 , T0)
$*
h
, (3.50)
that is, u=u f (x, t) satisfies (H3) with :( } ) as in (3.50) and {1=T0 . K
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4. EXISTENCE OF TRAVELING WAVE SOLUTIONS
In this section, we study the existence of almost periodic traveling wave
solutions of (1.1) with f satisfying (A1)(A3). We show that the limit set of
the profile function of a wave-like solution to (2.13)g0 for some g0 # H( f )
yields an almost periodic traveling wave solution to (2.13)g for each
g # H( f ). Without loss of generality, we consider the case that g0= f.
Throughout the section, H( f ) denotes the hull of f. For given g # H( f ),
g } t is the time translation, that is, g } t( } , } )= g( } , } +t) and u(x, t; u0 , g)
denotes the solution of (2.13)g with u( } , 0; u0 , g)=u0( } ) # Cunif (R). We
assume that u=u f (x, t) is a wave-like solution of (2.13)f (whose existence
is guaranteed by Theorem 3.1). To prove that u=u f (x, t) induces an
almost periodic traveling wave solution to (2.13)g for each g # H( f ), we
first construct a compact flow (X, R) associated to the limit set X of
(v f (x, t), f } t) as t  , where v f (x, t) is the profile function of u f (x, t),
that is,
v f (x, t)=u f (x+!(t; u f), t) (4.1)
(u f (!(t; u f), t)=u f0(t)). By applying Lemmas 2.1, 2.2, and 2.8, we then
show that (X, R) a 1-cover of H( f ), and hence is almost periodic
(Theorem 4.2). We finally show that for any g # H( f ), u(x, t; U g, g) is an
almost periodic traveling wave solution of (2.13)g connecting u=u g\(t),
where (U g, g) # X (Theorem 4.3). Theorem A stated in the introduction
then follows from Theorems 3.1 and 4.3 (see Corollary 4.4).
First of all, let X/Cunif (R)_H( f ) be such that
X=[(U, g): _tn  , (U( } ), g)= lim
n  
(v f ( } , tn), f } tn)], (4.2)
where the limit is taken in Cunif (R)_H( f ). By Remark 2.3, for any t$n  ,
there is [tn]/[t$n] such that limn   f } tn exists and limn   v f (x, tn)
exists uniformly for x # R. Hence, P(X)=H( f ), where
P: X  H( f ), P(U, g)= g. (4.3)
Moreover, by Lemma 2.3, for any (U, g) # X with (U( } ), g)=limn  
(v f ( } , tn), f } tn), the solution u(x, t; U, g) of (2.13)g exists for all t # R, and
u( } , t; U, g)= lim
n  
u( } , t; v f ( } , tn), f } tn)= lim
n  
u f ( }+!(tn ; u f), t+tn).
(4.4)
Lemma 4.1. Suppose that {1 # R+ and m( } ), :( } ) are the constant and
positive functions associated to u f (x, t) (see Definition 2.2), and M0>0 is
such that u fx(x, t)M0 for x # R and t{1 . Let X be as in (4.2). Then for
any (U, g) # X, u(x, t; U, g) is a wave-like solution of (2.13)g . More
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precisely, u(x, t; U, g) satisfies (H1)(H3) with the above m( } ), :( } ), and
any {1 # R, and satisfies that ux(x, t; U, g)M0 for x, t # R.
Proof. Given any (U, g) # X, suppose that (U( } ), g)=
limn   (v f ( } , tn), f } tn). By (4.4), for any fixed t # R, we have
u( } , t; U, g)= lim
n  
u f ( }+!(tn ; u f ), tn+t).
Hence,
u( }+!(t; U, g), t; U, g)= lim
n  
u f ( }+!(tn ; u f)+!(t; U, g), tn+t), (4.5)
where !(t; U, g) is such that
u(!(t; U, g), t; U, g)=u g0(t). (4.6)
On the other hand, suppose that [tnk]/[tn] is such that
u f ( }+!(tnk+t; u
f), tnk+t)  V( } ) as nk  . (4.7)
By (4.5), (4.7), and (H3), we must have
!(tnk+t; u
f)&!(tnk ; u
f )&!(t; U, g)  0 as nk  .
This together with (H2) and (H3) implies that for any fixed t # R,
u(x+!(t; U, g), t; U, g)= lim
nk  
u f (x+!(tnk+t; u
f ), tnk+t) (4.8)
uniformly for x # R. Moreover, by (A1), (A2), Lemma 2.3, and (4.8), for
any fixed t # R,
ux(x+!(t; U, g), t; U, g)= lim
nk  
u fx(x+!(tnk+t; u
f ), tnk+t) (4.9)
uniformly for x # R. Therefore,
u(\, t; U, g)=u g\(t) for t # R,
0ux(x, t; U, g)M0 for x, t # R,
u(x, t; U, g) # [u g&(t), u
g
&(t)+$] _ [u
g
+(t)&$, u
g
+(t)]
for any $>0 and x, t # R with |x&!(t; U, g)|m($), and
ux(x, t; U, g):(M)
for any M>0 and x, t # R with |x&!(t; U, g)|M, which implies that
ux(x, t; U, g)>0 for any x, t # R. The lemma then follows. K
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Define 6t : X  Cunif (R)_H( f ) (t # R) by
6t(U, g)=(u(x+!(t; U, g), t; U, g), g } t), (4.10)
where !(t; U, g) is as in (4.6). We have
Theorem 4.2. Let X and 6t be as in (4.2) and (4.10), respectively. Then
the following holds.
(1) X is a compact metric space.
(2) 6tX/X for any t # R, and 6t : X  X (t # R) is a flow.
(3) X is a 1-cover of H( f ), and 6t : X  X is almost periodic.
Proof. (1) By Remarks 2.1 and 2.3, X is relatively compact. Suppose
that [(Un , gn)]/X and limn   (Un , gn)=(U, g). Let [tnk] be such that
(Un( } ), gn)=limk   (v f ( } , tnk), f } t
n
k), and [kn] be such that
d((v f ( } , tnkn), f } t
n
kn
)), (Un( } ), gn))<1n,
where d( } , } ) denotes the metric in Cunif (R)_H( f ) induced by the norm
in Cunif (R) and the compact open topology in H( f ). Then
d((v f ( } , tnkn), f } t
n
kn
), (U( } ), g))  d((v f ( } , tnkn), f } t
n
kn
), (Un( } ), gn))
+d((Un( } ), gn), (U( } ), g))
 0
as n  , which implies that (U, g) # X, that is, X is compact.
(2) First, we prove that 6t X/X for any t # R. In fact, for any
(U, g) # X and t # R, by (4.8),
6t(U, g)=(u( }+!(t; U, g), t; U, g), g } t) # X.
Hence, 6t X/X (t # R).
Next, we prove that 6t : X  X is a flow. Obviously, 60=id. We then
prove that 6t is continuous with respect to t # R and (U, g) # X. Let t # R
and (U, g) # X be given. By Lemma 4.1, for any =>0, there is +(=)>0 and
$ (=)>0 such that if |x1&x2 |<+(=), then
|u(x1 , t; U, g)&u(x2 , t; U, g)|<
=
2
, (4.11)
and, if |u(x, t; U, g)&u g0(t)|<$ (=), then
|x&!(t; U, g)|<+(=). (4.12)
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By Lemma 2.3, for given =>0, there is $(=)>0 such that for any
(U1 , g1) # X with d((U, g), (U1 , g1))<$(=), there holds
sup
x # R
|u(x, t; U, g)&u(x, t; U1 , g1)|<min {$
 (=)
2
,
=
2= , (4.13)
and
|u g0(t)&u
g1
0 (t)|<min {$
 (=)
2
,
=
2= . (4.14)
It then follows from (4.13) and (4.14) that
|u(!(t; U, g), t; U, g)&u(!(t; U1 , g1), t; U, g)|
|u g0(t)&u
g1
0 (t)|+|u(!(t; U1 , g1), t; U1 , g1)&u(!(t; U1 , g1), t; U, g)|
<$ (=).
This together with (4.12) implies that
|!(t; U, g)&!(t; U1 , g1)|<+(=).
Hence, by (4.11),
sup
x # R
|u(x+!(t; U, g), t; U, g)&u(x+!(t; U1 , g1), t; U, g)|<
=
2
. (4.15)
By (4.13) and (4.15), we have
sup
x # R
|u(x+!(t; U, g), t; U, g)&u(x+!(t; U1 , g1), t; U1 , g1)|<=.
Therefore, 6t is continuous in (U, g) # X. Moreover, by the above
arguments, 6t is continuous in (U, g) # X uniformly for t in bounded sets.
Similarly, we can prove that 6t is continuous in t. Therefore, 6t is
jointly continuous in t # R and (U, g) # X.
We now prove the group property of 6t , that is, 6t1+t2=6t1 b 6t2 . For
given t1t2 , (U, g) # X, we have
6t1+t2(U, g)=(u( }+!(t1+t2 ; U, g), t1+t2 ; U, g), g } (t1+t2)),
6t1(U, g)=(u( }+!(t1 ; U, g), t1 ; U, g), g } t1),
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and
6t2(6t1(U, g))
=(u( }+!(t2 ; 6t1(U, g)), t2 ; 6t1(U, g)), g } (t1 , +t2))
=(u( }+!(t2 ; 6t1(U, g))+!(t1 ; U, g), t1+t2 ; U, g), g } (t1+t2)).
Since, u( ! ( t2 ; 6t1 (U , g )) + ! ( t1 ; U , g ) , t1 + t2 ; U, g) = u
g
0(t1 + t2), by
Lemma 4.1, we must have !(t2 ; 6t1(U, g))+!(t1 ; U, g)=!(t1+t2 ; U, g),
and then
6t1+t2(U, g)=6t2(6t1(U, g)).
Therefore, 6t : X  X is a flow.
(3) We first prove that 6t : X  X is distal. By Lemma 2.1, it is
suffice to prove that 6t is negatively distal.
For any (u0 , g0), (u1 , g1) # X with g0{g1 , clearly, (u0 , g0) and (u1 , g1)
are negatively distal. Suppose that there are (u0 , g0), (u1 , g0) # X with
u0{u1 such that they are negatively proximal. Then there exists sn  &
such that
d(6sn(u0 , g0), 6sn(u1 , g0))  0 as n  .
Let =~ 0=&u0&u1& and $ 0>0 be such that
&u1(x+$)&u1(x)&<
=~ 0
2
(4.16)
for any |$|$ 0 . Let =^0<=~ 0 2 be such that
if |u1(!)&u g00 (0)|<=^0 , then |!|$ 0 . (4.17)
Observe that by Lemma 2.8(1), Remark 2.4, and Lemma 4.1, for any =>0,
there is $(=)>0 such that for any (u~ 0 , g~ 0), (u~ 1 , g~ 0) # X with &u~ 0( } )&u~ 1( } )&
<$(=), there holds
&u( } , t; u~ 0 , g~ 0)&u( } , t; u~ 1 , g~ 0)&<= for t>0. (4.18)
Let n>1 is such that
&u( }+!(sn ; u0 , g0), sn ; u0 , g0)&u( }+!(sn ; u1 , g0), sn ; u1 , g0)&<$( =^0).
Then by (4.18),
&u0( } )&u1( }+!(sn ; u1 , g0)&!(sn ; u0 , g0))&< =^0<
=~ 0
2
, (4.19)
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and hence, by (4.17),
|!(sn ; u1 , g0)&!(sn ; u0 , g0)|<$ 0 .
It then follows from (4.16) that
&u1( } )&u1( }+!(sn ; u1 , g0)&!(sn ; u0 , g0))&<
=~ 0
2
. (4.20)
By (4.19) and (4.20), we have
&u0( } )&u1( } )&<=~ 0=&u0( } )&u1( } )&,
a contradiction. Hence, 6t is negatively distal.
Now we prove that for any g # H( f ), [(U, g): (U, g) # X] is a singleton.
Suppose that this is not true. Then there are (U1 , g), (U2 , g) # X with
U1{U2 . By Lemma 2.8(2) and Lemma 4.1, there is !0 such that
&u( } , t; U1 , g)&u( }+!0 , t; U2 , g)&  0 as t  .
This together with Lemma 4.1 implies that
d(6t(U1 , g), 6t(U2 , g)))  0 as t  ,
which contradicts the distality of 6t .
Therefore, X is a 1-cover of H( f ). By Lemma 2.2, 6t : X  X is almost
periodic. K
Theorem 4.3. If (2.13)f has a wave-like solution u=u f (x, t), then for
any g # H( f ), (2.13)g has an almost periodic traveling wave solution u(x, t)=
U(x+c(t), t; g) connecting the two stable almost periodic solutions u=u g\(t)
and satisfying U(0, t; g)=u g0(t). Moreover, M(U(x, } ; g)), M(c$( } ))/M( f ).
Proof. Assume that u=u f (x, t) is a wave-like solution of (2.13)f . Let X
and 6t be as in (4.1) and (4.10), respectively. By Theorem 4.2, X is a
1-cover of H( f ) and 6t : X  X is almost periodic. Hence, for any g # H( f ),
there is a unique U g # Cunif (R) such that (U g, g) # X. Define
U(x, t; g)=U g } t(x). (4.21)
By the almost periodicity of 6t , U(x, t; g) is almost periodic in t uniformly
with respect to x in R. Moreover, by Lemma 2.1 in [53],
M(U(x, } ; g))/M( f ) (4.22)
for any x # R.
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Now, for given g # H( f ), consider the solution u(x, t)=u(x, t; U g, g) of
(2.13)g . By Theorem 4.2 again, we must have
u(x, t)=U(x+c(t), t; g) (4.23)
for some c(t) satisfying that
u(&c(t), t)=u g0(t). (4.24)
Clearly, c(t) is continuous in t # R. We claim that u(x, t)=U(x+c(t), t; g)
is an almost periodic traveling wave solution of (2.13)g connecting
u=u g\(t).
In fact, by Lemma 4.1, we have U(\, t; g)=u g\(t). It is then suffice to
prove that c$(t) is almost periodic and M(c$( } ))/M( f ). By Lemma 4.1
again, Ux(x, t; g), Uxx(x, t; g), and Uxxx(x, t; g) are bounded for x, t # R
and g # H( f ). Hence,
lim
h  0
U(x+h, t; g)&U(x, t; g)
h
=Ux(x, t; g)
and
lim
h  0
Ux(x+h, t; g)&Ux(x, t; g)
h
=Uxx(x, t; g)
uniformly in x, t # R and g # H( f ). It then follows from the almost peri-
odicity of U(x, t; g) that Ux(x, t; g) and Uxx(x, t; g) are almost periodic in
t uniformly with respect to x # R. Moreover, by (4.22) and Lemma 2.1 in
[53],
M(Ux(x, } ; g)), M(Uxx(x, } ; g))/M( f ). (4.25)
Now, by (4.24), c(t) is differentiable, and by (4.23),
c$(t)=
DUxx(x+c(t), t; g)+ g(U(x+c(t), t; g), t)&Ut(x+c(t), t; g)
Ux(x+c(t), t; g)
for any x # R. Let x=&c(t). By (4.23) and (4.24), we have U gt (0, t; g)=
u g0t(t)= g(u
g
0(t), t), and hence
c$(t)=
DUxx(0, t; g)+ g(U(0, t; g), t)& g(u g0(t), t)
Ux(0, t; g)
. (4.26)
By (4.25), (4.26), and Lemma 2.1 in [53], c$(t) is almost periodic and
M(c$( } ))/M( f ). Therefore, u(x, t)=U(x+c(t), t; g) is an almost periodic
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traveling wave solution of (2.13)g , which connects u=u g\(t) and satisfies
U(0, t; g)=u g0(t). K
Corollary 4.4. For each g # H( f ), (2.13)g has a unique almost periodic
traveling wave solution u(x, t)=U(x+c(t), t) connecting u=u g\(t) and
satisfying U(0, t)=u g0(t). Moreover it is monotone (Ux(x, t)>0 for x, t # R), is
both uniformly and asymptotically stable, and M(U(x, } )), M(c$( } ))/M( f ).
Proof. It follows from Lemmas 2.82.10, and Theorems 3.1 and 4.3. K
Remark 4.1. In general, if u(x, t)=U(x+c(t), t) is an almost periodic
traveling wave solution of (2.13)g connecting u g\(t), we may not have that
M(U(x, } )), M(c$( } ))/M( f ) (x # R) (see Remark 2.2 in [53]). But if
U(x, t) satisfies U(0, t)=u g0(t) for t # R, by the above arguments, we must
have M(U(x, } )), M(c$( } ))/M( f ) (x # R).
5. TRAVELING WAVES IN NONLOCAL EVOLUTION EQUATIONS
In this section, we briefly discuss the existence of almost periodic traveling
wave solutions of the nonlocal evolution equation (1.2). Similar to (1.1), we
consider all the equations in the hull of (1.2), that is,
ut(x, t)=Duxx(x, t)+d2_, & u(x, t)+ g(u(x, t), t) (5.1)g
for all g # H( f ), where D>0, d0, 2_, & is as in (1.4) (_2+&2=1), and f
satisfies (A1)(A3) in Subsection 2.3.
Remark 5.1. Lemmas 3.23.6 hold for (5.1)f . Moreover, for any fixed
d>0, Remarks 3.13.4 also hold for (5.1)f .
Therefore, by exactly the same arguments, it can be shown that the
results in the previous two sections also hold for Eq. (5.1)g . For the
application to spatially discrete evolution equations in next section, we
state the main results without proof in the following theorem.
Theorem 5.1. For any D>0, d>0 and g # H( f ), Eq. (5.1)g has a unique
almost periodic traveling wave solution u(x, t)=U(x+c(t), t) with U(0, t)=
u g0(t) and U(\, t)=u
g
\(t) (t # R). Moreover, it is strictly monotone
(Ux(x, t)>0 for all x, t # R), is uniformly and asymptotically stable, and
M(U(x, } )), M(c$( } ))/M( f ).
Clearly, Theorem B stated in the Introduction follows from Theorem 5.1.
89TIME ALMOST PERIODIC STRUCTURES, II
Remark 5.2. Suppose that f (u, t)= f (u). For fixed d>0, let u(x, t)=
UD(x+cD t) be the unique traveling wave solution of (5.1)f with UD(0)=u f0(0)
and UD(\)=u f\(0), where cD is constant. By Remark 2.2, for any fixed
d>0, cD is bounded for 0<D<<1. By Remarks 3.3, 3.4, and 5.1, for fixed
d>0 and 0<$<<1, !D+($)&!
D
&($) is bounded for 0<D<<1, where
!D\($) are such that U
D(!D\($))=u
f
0(0)\$.
6. TRAVELING WAVES IN SPATIALLY DISCRETE EQUATIONS
In this section, we consider the existence of traveling wave solutions con-
necting the two stable solutions u=u f\(t) to the spatially discrete bistable
equation (1.3). As is seen in [53], Eq. (1.3) may have infinitely many stable
standing wave solutions as well as unstable standing waves connecting
u=u f\(t). We therefore should not expect similar results as for (1.1) hold
true for (1.3). Moreover, we are not able to apply exactly the same
approach dealing with (1.1) to deal with (1.3). We will see in next section
that when 0<d<<1, both propagation failure and spatial chaos occur in
(1.3). In the rest of the section, we pay our attention to the case that f is
independent of t, that is, we consider the autonomous equation
ut(x, t)=d2_, & u(x, t)+f (u(x, t)), (6.1)
where d>0, 2_, & is as in (1.4) (_2+&2=1), and f satisfies (A1), (A3) in
Subsection 2.2. Suppose that u(x, t)=u f\ are stable and u=u
f
0 is unstable
stationary solutions of (6.1). We study the existence of traveling wave solutions
of (6.1) connecting u=u f\ through the limit of traveling wave solutions as
D  0 to the equation
ut(x, t)=Duxx(x, t)+d2_, & u(x, t)+f (u(x, t)). (6.2)D
The following is our main result in this section.
Theorem 6.1 Equation (6.1) has a traveling wave solution of form u(x, t)=
U(x+ct) with U(\)=u f\ and U(x) being non-decreasing in x # R.
Clearly, Theorem C stated in the Introduction follows from Theorem 6.1.
Remark 6.1. Let u(x, t)=U(x+ct) be the traveling wave solution of
(6.1) in Theorem 6.1.
(1) If c{0 and (_, &) is rational, then by Theorems 7.4 and 7.5, and
Proposition 7.9 in [53], U(x) is C1 and U$(x)>0 for x # R, and u(x, t)=
U(x+ct) is both uniformly and asymptotically stable. Therefore in such
case, similar results as for (1.1) hold for (6.1).
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(2) If f (u)=u(u&a)(1&u) (a{12) and (_, &) =(1, 0) , then c{0
when d>>1 (see [71]). In [39], sufficient conditions under which c{0 for
any (_, &) is considered.
(3) If c=0, u(x, t)=U(x+ct) may not be stable, and (6.1) may have
more than one standing wave solutions connecting u=u f\ (see Example 7.1
in [53]). Hence, in such case, similar results as for (1.1) do not hold for
(6.1).
Proof of Theorem 6.1. For given d>0, and (_, &) with _2+&2=1, let
uD(x, t)=UD(x+cD t) be the traveling wave solution of (6.2)D with
UD(0)=u f0 (D>0), whose existence is guaranteed by Theorem 5.1. We
prove that the limit functions of UD( } ) as D  0 are the wave profiles of
traveling wave solutions to (6.1), which connect u=u f\ and are non-
decreasing.
First, by Remark 5.2, for fixed d>0 and 0<$<<1, we have
!D+($)&!
D
&($)=O(1), cD=O(1)
when D  0, where !D\($) are such that
UD(!D\($))=u
f
0\$. (6.3)
Hence we can take Dk  0 such that cDk  c0 , and !
Dk
\ ($)  !
0
\($) as
k  . By taking a subsequence if necessary, we can assume that
UDk(x)  U0(x) (6.4)
pointwise, for all but countably many x # R. Then U0(x) is a nondecreasing
function U0( } ), and is a weak solution of
c0ux(x)=d(u(x&_)+u(x+_)+u(x&&)+u(x+&)&4u(x))+ f (u(x)).
(6.5)
Let
u(x, t)=U0(x+c0 t). (6.6)
We claim that it is a traveling wave solution of (6.1) connecting the two
stable states u=u f\ . In fact, if c0=0, clearly, u(x, t)=U
0(x) is a standing
wave solution of (6.1). If c0{0, since U0(x) is nondecreasing in x,
u=U0(x) is indeed a classical solution of (6.5), and hence, u(x, t)=
U0(x+c0 t) is a traveling wave solution of (6.1). It is then suffice to prove
that U0(\)=u f\ . By (6.3), there holds
U0(!0+($)+1)u
f
0+$ and U
0(!0&($)&1)u
f
0&$.
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Hence,
U0(&)u f0&$ and U
0(+)u f0+$.
Then by Lemmas 2.5 and 2.6, U 0(\)=u f\ . Therefore, u(x, t)=
U0(x+c0 t) is a traveling wave solution of (6.1) connecting u=u f\ , and is
nondecreasing. K
We point out that the above approach has also been mentioned in [17].
When f is periodic or almost periodic in t, whether similar results to
Theorem 6.1 hold remains open. We hope that the arguments of
Theorem 6.1 will have some implications on time periodic and almost
periodic cases.
7. PROPAGATION FAILURE IN SPATIALLY DISCRETE
EQUATIONS
In this section, we study the phenomena of propagation failure and
spatial chaos in the spatially discrete equations (1.3) and (1.7) with f
satisfying (A1)(A3) in Subsection 2.2. Similar to the study of traveling
wave solutions, we shall study such phenomena for all the equations in the
hull of (1.3) and (1.7), that is,
ut(x, t)=d2_, & u(x, t)+g(u(x, t), t) (7.1)g
and
d
dt
ui, j (t)=d(ui&1, j (t)+ui+1, j (t)+ui, j&1(t)+ui, j+1(t)&4ui, j (t))
+ g(ui, j (t), t) (7.2)g
for all g # H( f ), where 2_, & is as in (1.4) (_2+&2=1).
As is known, a solution of (7.1)g needs only be defined for x # Z_, & ,
where Z_, & is as in (1.5). Moreover, for any g # H( f ) and u0 # l (Z_, &),
(7.1)g has a unique solution u(x, t; u0 , g) with u(x, 0; u0 , g)=u0(x)
(x # Z_, &). Let l (Z2) be defined by
l (Z2)=[u=[ui, j] : ui, j is bounded for (i, j) # Z2] (7.3)
with the norm &u&=sup i, j # Z |ui, j |. Similarly, for any g # H( f ) and
u0 # l (Z2), (7.2)g has a unique solution u=[ui, j (t)] with u(0)=u0 . We
denote it by u(t; u0 , g)=[ui, j (t; u0 , g)]. Clearly, if u=u(x, t) (x # Z_, &) is
a solution of (7.1)g , then u=[ui, j (t)], u i, j (t)=u(i_+j&, t), is a solution
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of (7.2)g . Conversely, if u=[u i, j (t)] is a solution of (7.2)g satisfying that
ui1 , j1(t)=ui2 , j2(t) whenever i1_+j1&=i2_+j2&, then u=u(x, t), u(x, t)=
ui, j (t) (x=i_+j&), is a solution of (7.1)g . We shall therefore mainly
concentrate on (7.2)g .
Lemma 7.1. (1) The solution u(t; u0 , g) # l (Z2) of (7.2)g is continuous
with respect to u0 # l (Z2), g # H( f ), and t in the interval of existence.
(2) If u1(t)=[u1i, j (t)] and u
2(t)=[u2i, j (t)] are two bounded solutions
of (7.2)g on an interval I with u1i, j ({)u
2
i, j ({) for i, j # Z and some { # I, then
u1i, j (t)u
2
i, j (t) for i, j # Z and t # I{ .
Proof. (1) It follows from the theory for ordinary differential
equations in Banach spaces [31, 33].
(2) It follows from the same arguments as in Lemma 6.2 in [53] (see
also [62]). K
By (A3) and Lemma 7.1, u=[u g\(t)] are stable and u=[u
g
0(t)] is
unstable almost periodic solutions of (7.2)g .
Definition 7.1. (1) For given g # H( f ) and unit vector (_, &) , a
solution u=[ui, j (t)] of (7.2)g is called an almost periodic traveling wave
solution propagating along the direction of (_, &) if there are functions
U(x, t) (x, t # R) and c(t) (t # R) such that ui, j (t)=U(i_+j&+c(t), t)
(i, j # Z, t # R), and U(x, t) (x # R) and c$(t) are almost periodic in t. It is
said to connect u=u g\(t) if limx  \ U(x, t)=u
g
\(t) uniformly in t # R.
(2) A solution u=[ui, j (t)] of (7.2)g is called an almost periodic
standing wave solution if ui, j (t) is almost periodic in t for any i, j # Z.
Notice that if ui, j (t)=U(i_+ j&+c(t), t) is an almost periodic traveling
wave solution of (7.2)g , then u(x, t)=U(x+c(t), t) (x # Z_, &) is one of
(7.1)g (see Definition 7.2 in [53]).
Definition 7.2. (1) (Propagation failure) It is said that propagation
failure occurs in (7.1)g if it has almost periodic standing wave solutions
connecting u=u g\(t). Propagation failure occurs along the direction of
(_, &) in (7.2)g if it occurs in (7.1)g . Propagation failure occurs in (7.2)g
if it occurs along any direction.
(2) (Spatially topological chaos) It is said that spatial topological
chaos exists in (7.1)g if it has infinitely many stable almost periodic stand-
ing wave solutions which are ‘‘randomly’’ situated along spatial coordinates
x # Z_, & . There exist spatial topological chaos in (7.2)g if it has infinitely
many stable almost periodic standing wave solutions which are ‘‘randomly’’
situated along spatial coordinates (i, j) # Z2 (for example, the family of the
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translational maps [Si0 , j0 | i0 , j0 # Z], Si0 , j0[ui, j]=[u i+i0 , j+ j0], acts as a
symbolic dynamical system on the set of infinitely many stable almost
periodic standing wave solutions (see [2, 19, 52, 38]).
As is known, if f is independent of t, then when 0<d<<1, the
phenomena of propagation failure and spatial topological chaos are observed
both in (7.1)g and (7.2)g [19, 52]. Similarly, we have the following
theorem, which is our main result in this section.
Theorem 7.2 (Propagation FailureSpatial Topological Chaos). Let $0
be as in (2.2)(2.3). There is d0>0 such that for any g # H( f ) and
0<dd0 , the following holds.
(1) For any solution u(t)=ui, j (t) of (7.2)g on an interval I with
ui, j (t) # [u g&(t), u
g
+(t)] (i, j # Z, t # I ), if ui0 , j0(t0) # [u
g
&(t0), u
g
&(t0)+$0]
([u g+(t0)&$0 , u
g
+(t0)]) for some i0 , j0 # Z and t0 # I, then ui0 , j0(t) #
[u g&(t), u
g
&(t)+$0] ([u
g
+(t)&$0 , u
g
+(t)]) for all t # It0 , where It0 is as in (2.12).
(2) For any infinite matrix (aij) with aij=0 or 1, there exists a unique
solution u(t)=[ui, j (t)] of (7.2)g on (&, ) satisfying that
ui, j (t){#[u
g
&(t), u
g
&(t)+$0]
#[u g+(t)&$0 , u
g
+(t)]
if aij=0,
if aij=1
(7.4)g
for all i, j # Z and t # R, and that ui, j (t) is almost periodic in t for any
i, j # Z. Moreover, it is uniformly and asymptotically stable, and
M(ui, j ( } ))/M( f ) (i, j # Z).
(3) For any unit vector (_, &) and infinite sequence (ai_+ j&) with
ai_+ j&=0 or 1, there is a unique solution u(t)=[u i, j (t)]=[u(i_+ j&, t)] of
(7.2)g on (&, ) satisfying that
u(i_+ j&, t){#[u
g
&(t), u
g
&(t)+$0]
#[u g+(t)&$0 , u
g
+(t)]
if ai_+ j&=0,
if ai_+ j&=1
(7.5)g
for all t # R, and that u(i_+ j&, t) is almost periodic in t for any i, j # Z.
Furthermore, u(i_+ j&, t) is uniformly and asymptotically stable, and
M(u(i_+ j&, } ))/M( f ).
Observe that Theorems D and E stated in the introduction follow from
Theorem 7.2.
Remark 7.1. (1) Theorem 7.2(1) implies that when 0<dd0 , along
any direction (_, &) , (7.2)g has no almost periodic traveling wave solution
ui, j (t)=U(i_+ j&+c(t), t) connecting u=u f\(t) with c(t) being unbounded,
and hence, (7.1)g has no such almost periodic traveling wave solutions
either.
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(2) If (ai_+ j&) in Theorem 7.2(3) is such that ai_+ j&=0 for i_+ j&<0
and ai_+ j&=1 for i_+ j&0, then by Lemmas 2.4 and 2.5, the solution in
Theorem 7.2(3) satisfies that u(\, t)=u f\(t) uniformly in t # R. Hence
u(t)=[ui, j (t)]=[u(i_+ j&, t)] is an almost periodic standing wave
solution of (7.2)g , which connects u=u g\(t) and propagates along the
direction of (_, &) . Theorem 7.2(1) and (3) then imply the occurrence of
propagation failure in (7.1)g and (7.2)g .
(3) Since the infinite matrix (aij) ((ai_+ j&)) in Theorem 7.2(2), (3)
can be arbitrarily chosen, (7.2)g ((7.1)g) can have stable almost periodic
standing wave solutions with arbitrary spatial structure. In fact, the family
of the translational maps [Si0 , j0 | i0 , j0 # Z] acts truly as a symbolic
dynamical system on the set of infinitely many stable almost periodic
standing wave solutions. Theorem 7.2(2) and (3) then imply the existence
of spatial chaos in (7.1)g and (7.2)g .
Similar to the proof of existence of almost periodic traveling wave
solutions to (1.1), we shall prove Theorem 7.2 by employing the theory for
compact flows. Note that for any bounded solution u(t; u0 , g) of (7.2)g , the
set [u(t; u0 , g) : t$ ] may not be compact in l (Z2) for any $>0. To
overcome this non-compactness, we introduce the weighted norm space
l 2p(Z
2) ( p>1),
l 2p(Z
2)={u=[ui, j]: :i, j # Z
|ui, j | 2
| p| |i | +| j |
<= (7.6)
with norm &u&=(i, j # Z ( |u i, j | 2| p| |i |+| j | ))12. Clearly, for any u0 # l (Z2),
[u(t; u0 , g) : t$ ] is relatively compact in l 2p(Z
2) for any $>0. We may
then work in space l (Z2) as well as l 2p(Z
2) in proving Theorem 7.2.
Proof of Theorem 7.2. First of all, let
d0=min { =0 $08(u g+(t)&u g&(t))&8 $0 , &
gu(u, t)
8
: t # R,
g # H( f ), u # I g&(t) _ I
g
+(t)= , (7.7)
where I g&(t)=[u
g
&(t), u
g
&(t)+$0] and I
g
+(t)=[u
g
+(t)&$0 , u
g
+(t)], and =0
and $0 are as in (2.2)(2.3). By (A2) and (A3), d0>0. We assume that
0<dd0 .
(1) Suppose that u=ui, j (t) is a solution of (7.2)g with
u g&(t)ui, j (t)u
g
+(t) (7.8)g
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for all i, j # Z and t # I. We prove that if ui0 , j0(t0) # I
g
&(t0) for some t0 # I,
then ui0 , j0(t) # I
g
&(t) for all t # It0 . In fact, as long as ui0 , j0(t1)=u
g
&(t1)+$0
for some t1t0 , then
u* i0 , j0(t1)&u*
g
&(t1)=d[ui0&1, j0(t1)+ui0+1, j0(t1)+ui0 , j0&1(t1)
+ui0 , j0+1(t1)&4ui0 , j0(t1)]
+ g(ui0 , j0(t1), t1)& g(u
g
&(t1), t1)
d[4u g+(t1)&4(u
g
&(t1)+$0)]+ g(u
g
&(t1)+$0 , t1)
& g(u g&(t1), t1)
d[4u g+(t1)&4(u
g
&(t1)+$0)]&=0$0
&
=0$0
2
. (7.1)
This implies that ui0 , j0(t)&u
g
&(t)<0 for 0<t&t1<<1. Hence, u i0 , j0(t) #
I g&(t) for all t # It0 .
Similarly, if ui0 , j0(t0) # I
g
+(t0), then ui0 , j0(t) # I
g
+(t) for all t # It0 .
(2) We prove (2) by showing that if u=[ui, j (t)] is a solution of
(7.2)g0 satisfying (7.4)g0 for some g0 # H( f ), then its limit set yields a unique
almost periodic solution of (7.2)g satisfying (7.4)g for each g # H( f ).
Without loss of generality, we consider the case g0= f.
First of all, given any infinite matrix (aij) with aij=0 or 1, let u0=[u0i, j]
satisfy (7.4)f with t=0, and ui, j (t)=ui, j (t; u0, f ) be the solution of (7.2)f .
By Lemma 7.1, [ui, j (t)] satisfies (7.8)f for all t0, and then by 1),
[ui, j (t)] satisfies (7.4)f for all t>0. Hence, there are solutions of (7.2)f
satisfying (7.4)f for all t0.
Suppose that u=u f (t) is a solution of (7.2)f satisfying (7.4)f for t0.
For given p>1, let
|(u f, f )=[(U, g) : _tn  , (U, g)= lim
n  
(u f (tn), f } tn)], (7.9)
where the limit limn   u f (tn)=U is taken under the norm of the space
l 2p(Z
2). Clearly, |(u f, f ) is compact in l 2p(Z
2)_H( f ), and P(|(u f, f ))=
H( f ), where
P : |(u f, f )=H( f ), P(U, g)= g.
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Moreover, by [1], for any (U, g) # |(u f, f ) with (U, g)=limn  
(u f (tn), f } tn),
lim
n  
&u(t; U, g)&u f (t+tn)&l2p(Z2)=0, (7.10)
and u(t; U, g) satisfies (7.4)g for t # R.
Now, let |(u f, f ) be endowed with the topology of l 2p(Z
2)_H( f ), and
let ?t : |(u f, f )  l 2p(Z
2)_H( f ) (t # R) be defined by
?t(U, g)=(u(t; U, g), g } t). (7.11)
By (7.10), ?t(|(u f, f ))/|(u f, f ) for t # R. Hence,
?t : |(u f, f )  |(u f, f ) (7.12)
is a compact flow.
We prove that |(u f, f ) is a 1-cover of H( f ), and hence is almost
periodic under the topology l 2p(Z
2).
To do so, first, suppose that u1(t)=[u1i, j (t)] and u
2(t)=[u2i, j (t)] are
two solutions of (7.2)g satisfying (7.4)g for t # R, and u1(0)u2(0) (that
is, u1i, j (0)u
2
i, j (0) for all i, j # Z), u
1(0)u2(0). Let \(t; u1 , u2 ; g)=
&u1(t)&u2(t)&l(Z2) . We claim that \(t; u1, u2; g)  0 as t  , and
moreover, there is T>0 independent of g, u1, and u2, such that
\(t+T; u1, u2; g)
\(t; u1, u2; g)
2
(7.13)
for any t0. In fact, by Lemma 7.1, we have
u g&(t)u
1
i, j (t)u
2
i, j (t)u
g
+(t) (7.14)
for any i, j # Z and t0. Suppose that i, j # Z are such that u1i, j (t)&
u2i, j (t)\(t; u
1, u2; g)2. Then, we have
u* 1i, j (t)&u*
2
i, j (t)4 d\(t; u
1, u2; g)&4 d(u1i, j (t)&u
2
i, j (t))
+ g(u1i, j (t), t)& g(u
2
i, j (t), t)
(4 d+ gu(u*i, j (t), t))(u1i, j (t)&u
2
i, j (t))

gu(u*i, j (t), t)
2
(u1i, j (t)&u
2
i, j (t))
 &
=0
2
(u1i, j (t)&u
2
i, j (t))
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for some u*i, j (t) between u1i, j (t) and u
2
i, j (t). This implies that \(t; u
1, u2; g)
is decreasing as t increases. Moreover, (7.13) holds with T>0 satisfying
exp(&=0T2)<12.
We next prove that |(u f, f ) is a 1-cover of H( f ). Assume that this is not true.
Then there is g0 # H( f ) such that [(U, g0) # |(u f, f )] is not a singleton.
Take (U1 , g0), (U2 , g0) # |(u f, f ) (U 1{U 2). Let \0=&U 1&U 2&l(Z2) ,
and N>0 be such that $0 2N<\0 . Let u+(t) and u&(t) be the solutions of
(7.4)g0 } (&NT ) with
u+i, j (0)={u
g0 } (&NT)
+ (0)
u g0 } (&NT)& (0)+$0
if aij=1
if aij=0
(7.15)
and
u&i, j (0)={u
g0 } (&NT)
+ (0)&$0
u g0 } (&NT)& (0)
if aij=1
if aij=0.
(7.16)
By the above arguments, we have
u&i, j (t)ui, j (t&NT; U
1, g0)u+i, j (t),
and
u&i, j (t)ui, j (t&NT; U
2, g0)u+i, j (t)
for t0. Then
\0=&U1&U2& l(Z2)\(NT; u&, u+, g0 } (&NT ))$0 2N<\0 ,
a contradiction. Hence |(u f, f ) is a 1-cover of H( f ) under the topology
l 2p(Z
2)_H( f ).
By Lemma 2.2, u(t; U, g) is almost periodic in t under the topology
l 2p(Z
2), where (U, g) # |(u f, f ). It then follows that u(t; U, g) is a solution
of (7.2)g satisfying (7.4)g for t # R, and ui, j (t; U, g) is almost periodic in t
for any i, j # Z. Moreover, by (7.13), such solution is unique, and is
uniformly and asymptotically stable.
(3) It follows from (2). K
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